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Abstract

Hertz potentials are used as an alternative to Fresnel’s equation of wave normals
to analyse harmonic plane wave propagation in uniaxially anisotropic media.
Wave vector and amplitudes of ordinary and extraordinary waves are explicitly
given. Refraction of a TM field at the plane face of a uniaxial medium is
discussed and it is shown that in this particular situation, the refracted wave
is identified with the extraordinary wave. Hertz potentials are also a powerful
tool to tackle the same problems when harmonic plane waves are changed into
Gaussian beams.

PACS numbers: 41.20.Jb, 92.60.Ta, 94.20.Bb

1. Introduction

As stated in [1] ‘to understand electromagnetic propagation in a medium whose characteristics
are a function of the propagation direction, it is useful to consider the simplest type of
anisotropy: the uni-axial’. For harmonic plane waves, the Fresnel’s equation of wave normals
is the conventional method for analysing propagation in anisotropic media [2-4]. We depart
here from this technique, working instead with Hertz potentials [4, 5]: they explicitly give
the wave vectors and the amplitudes of propagating fields. This makes possible a complete
description of refraction in a uniaxial medium. Hertz potentials are shown to tackle the same
problems efficiently with Gaussian beams instead of harmonic plane waves.
We start with the Maxwell equations; exp(iwt) is implicit,

VAH—-iwD =0 (1a)

VAE+iwB =0 (1b)
in a medium with the constitutive relations between the fields E, D, H, B

B = uH, D, =c¢E,, D, =¢E,, D, =nE., (2a)
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and we use the notations
n’ =eu, m? = nu. 2b)
We introduce the Hertz potentials IT(x) satisfying equation (15)
H®x) = ioV A I(x), E(x) = po’II(x). (3)
They differ from the usual Hertz vectors [4, 5] in which E = wo’Tl + VV - I1.
Substituting (3) into (1a) gives, since VAV AII(x) = VV - TI(x) — ATI(x),
VV . .II(x) — AII(x) — D(x) =0 4)
that is using (2a) and (2b), the argument x being deleted when there is no risk of confusion,
(A + @’ nH)T, = 8, (3,11, + 9,11, +9,11,)
(A +@?*nH)Iy = 3,9, 11, + 9,11, +9,11,) (5a)
(A +@*mH)I, = 0,(0, 11, + 9,1, +d,I1,)
or
(8)2, + 812 + a)znz)l'[x = 0, (0,11, + 0.I1;)
(02 + 02 + ?n?) 1, = 0, (0,11, + 9, T1,) (5b)
(83 + 3y2 + a)zmz)l'lZ = 0,(0: Iy + 9,IT,).

Since we are interested in harmonic plane wave propagation, we look for the solutions of (5b)
in the form

II(x) = Qexpli(ex + By + y2)] (6)

in which € is a constant vector depending, of course, on «, 8, y.
Taking (6) into account, we get from (5b) the homogeneous set of equations
(n*w? — B — Y + (B2, +y2:) =0
n*w? —o? — yz)Qy + B2 +vR2;)=0 (7a)
(m*e?* — B> — a®)Q + 7 (@ + fR2,) =0

that we write as

no’ — g7 —y? of ay Qy
1753 n’w® —a? — y? By Q,| =0. (7b)
ay By m’o’ — B* —a?| |,

Making null the determinant of this system gives the directions of propagation.

2. Harmonic plane wave propagation

2.1. Hertz potentials

Multiplying by —y /B the second column of the determinant in (7b) and summing with the
third column gives the equation

a+a? off 0
off a+pB* —ay/B|=0 (8a)
ay By b
in which
a=n*0?—a*—B*—y? b=m?? — o — p>— 2 (8b)
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Multiplying the second line by —y /8 and summing with the third line, we get

a+o? off 0
af a+p? —ay/B | =0. 9)
0 —ay/B b+ay?/p?
Expanding this last determinant gives
(@+a®)l(a+ B> b +ay®/p?) —ay?/B*] — o?(bP® +ay®) = 0 (10a)
that reduces to
alab+b@* + BH +ay*1=0 (10b)
with the two solutions
a=0, ab+b@*+ B> +ay*=0 (11)

and, according to (8b), a = 0 implies
o = nwsiné cos ¢, B =nwsinf sin ¢, Y = nwcoso. (12)

The second solution may be written as

bla+a®>+B*+yH)+@—by*=0 (13a)
and, still taking into account (80), (13a) becomes

n*m?w? —n*(@? + g2 —m*y* =0 (13b)
satisfied with

o = mwsin6 cos ¢, B =mwsinfsing, Y = nwcoso. (14)

According to the terminology used for uniaxial crystals [2, 4], these two types of harmonic
plane waves are called ordinary with the wave vector (12) and extraordinary with (14).
Taking into account (12) and (14), the Hertz potential (6) becomes

II(x) = Qexpliou(x)], u(x) = n(xsinf cos¢ + ysinf sin¢ + zcos6) (15)
with the phase velocity v2 = 1/n? and

IT' (x) = Q' expliou’ ()], u'(x) = m(x sinf cos ¢ + y sin @ sin ¢) + nz cos @ (16)
whose phase velocity 1/v2 = m?sin®  + n? cos? 6 varies with the direction of propagation.

We now have to get the amplitudes 2, Q' of these Hertz potentials.

Remark. Hertz—Debye potentials satisfying equation (1) and discussed in appendix B
generate only ordinary waves.

2.2. Ordinary wave

Taking into account (12), we get from (7b)

sin® 0 cos® ¢ 2, + sin® 0 sin ¢ cos ¢ Q, +sinf cos O cos p 2, = 0

sin® @ sin ¢ cos ¢ Q2 + sin® 0 sin? ¢ Q, +sinfcosfsing 2, =0 a7
n?sin @ cos 6 cos ¢ Q, +n*sinf cos A sin ¢ Q, + (m? — n?sin’0)Q, = 0.

The first two equations give the same relation

sinf(cos ¢ 2, +sing Qy) +cosf Q, =0 (18a)
and the third equation is
n?sin 6 cos O (cos p Q, +sinp Q,) + (m? — n’sin’ 0)Q, = 0. (18b)
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The solution of (18a) and (18b) is

Q, =0, Q, = Asing, Q, =—Acos¢ (19)
in which A is an arbitrary amplitude. Substituting (19) into (15) gives
IT, = Asin¢ exp(iou), [T, = —Acos ¢ exp(iwu), In,=0 (20)

from which we get at once with (3) the components of the electric and magnetic fields
E, = po’Il,, E, = po’M,, E.=0 (2la)

H, = nw? cos o11,, H, = —nw? cos or11,,

5 ) (21b)
H, = —nw”sinf(cos ¢ I1, — sinp I1,).

Writing u(x) = x - v, the relations (20) imply E . v = 0 and since E, = 0, we also have
D - v = 0 where D is perpendicular to the plane containing the direction of propagation and
the z-axis [4].

2.3. Extraordinary wave

We get from (7b) and (14)
sin@(n? — m? sin” ¢)Q! +m? sin@ sin ¢ cos ¢ Q; +mncosf cos ¢ Q =0
m? sin @ sin ¢ cos ¢ Qi +sin O (n?> — m? cos® ¢)Q; + mn cos 0 sin ¢ Qi =0 (22a)

mn sin 6 cos 6 cos ¢ Ql + mn sin @ cos 6 sin ¢ Ql +m?cos> 0 Qf =0.

Eliminating Qi from the first two equations gives the simple relation

sing Qf —cosp @}, =0 (22b)
and substituting (22b) into the second equation (22a) gives

n’sind Qt + mn cos 0 sin ¢ Ql =0 (22¢)
we get from (22b) and (22¢)

QL = —(m/n)cotf cos ¢ Q!, Ql = —(m/n)cot 0 sin¢ Q. (23)

With (23), the third equation (22a) is identically satisfied, so Qi is arbitrary and from now on,
we assume 2! = A" where AT is a constant amplitude.
Then, substituting (23) into (16) gives the Hertz potential

{mf, mi, It} = {—(m/n) cotf cos pA’, —(m/n) cot6 sin A", A’} exp(icwu’) (24)
from which we get with (3) the electric and magnetic fields

{EL E|, El} = po?{n1}, 11, 0]}

H] = —o’(msinfsing I1] — ncos6 I1}) (25a)

H] = —o(ncos 61} — msin6 cos ¢ I})

H] = —w’msin6(cos ¢ I, —sing IT}). (25b)
For 6 = m/2, this wave reduces to a TE mode

EZT — sznl’ HXT = —mw’ sin¢ Hi, H; = mw’ cos ¢ Hi (26)

propagating in the z-direction.

4
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3. Refraction in a uniaxially anisotropic medium [6]

A TM wave coming from a homogeneous region of refractive index n; impinges on the z = 0
boundary of a uniaxially anisotropic medium

{Ey. EL, H} = {—cos6;A;, sin6; A;, —n; A; 1y’ (27a)

Y' = explion; (x sin6; + z cos 6;)]. (27b)

The continuity of the exponentials at z = 0 implies that the fields in the uniaxial medium do
not depend on y which is obtained according to (15) and (16) by imposing ¢ = 0. Then,
taking into account (20) and (21a), the ordinary wave has only two nonnull components

E.,=E,=H,=H, =0; E, = —uo*Ay, H, = —nw*cos 0 Ay (28a)
Y = expliown(x sinf + z cos0)]. (28b)

According to (24) and (25a), (25b) we get for the extraordinary wave for ¢ = 0

{EL E}. El} = no’((m/m) AT, 0, AT}y

{H], H}, HI} = mo*{0, (cos* 6" +sin67) AT, —n 2 sin 67 cos 6T AT}y " (29a)
v = expliw(mx sin@' + nz cos67)]. (29b)

To satisfy the boundary conditions on the z = 0 plane, we need the x, y components of the
total field E' = E + Ef, H' = H + H' in the uniaxial medium and according to (28a), (29a)

E' =E], E, = E,, H' =H,, H! = Hj,. (30)
We now have to define the reflected field; taking the general solution of Maxwell’s equations
for harmonic plane waves with wave vector in the x, z plane gives [2]

{EL EL H} ={—cos6,Ry,sin6, Ry, —n; Ri}y"
{H], H., E}} = {—n; cos 6, Ry, sin6, Ry, Ry}y"
Y" = explion; (x sin 6, + 7 cos 6,)]. (31b)

(3la)

Taking into account (27b), (28b), (29b), (31b), the continuity of the exponentials at the
interface z = 0 supplies the Descartes—Snell relations

n;sinf; = n;sinf, = nsin® = msin O’ (32)
and, the boundary conditions on the field tangential components give four equations to

determine the four unknown amplitudes R;, R, A, A'. Since cosf, = —cosb;, we get
according to (28a), (29a), (30), (31a)

E.: (R —A;)cosH;, = uwz(m/n) cosOfAT = T AT
Hy: ni(Ri +A;) = —ma*(cos” 01 +sin0N) AT = T, AT
Ey: Ry =—uow’A

H,: n;cos6;R, = nw’coshA.

(33)

The last two relations imply R, = A = 0 reducing the refraction problem to a conventional
one with the extraordinary wave as refracted field. A simple calculation gives from the first
two equations

A" = 2n; cos ;(n; Ty — cos6; T») ' A,
Ry = A, +2n;T,(n; Ty — cos6; T2)71A,’
When m < n; a total reflection happens for those angles of incidence such as n; /m sin6; > 1.

(34)

5
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So, only the extraordinary wave intervenes in the refraction of a TM harmonic plane
wave.

Remark. An ordinary wave is involved in refraction if the determinant of the last two
equations (33) is null which happens, taking into account (32), for an angle 6 such as
cotf = —ucotb;,

4. Gaussian beams in uniaxial media

4.1. 2D beams

To analyse the propagation of a 2D Gaussian beam in uniaxial media, we look for the solutions
of equations (5b) in the form

II(x) = / ” da Q(a) x (@), x (@) = exp(—a®d?) exp(iox +iyz). (35)
Then, malgi:g B =0in (12) and (14) gives
y? =’ —ad), (36a)
y? = /m*) (e’ — o) (36b)

corresponding respectively to ordinary and extraordinary waves. Substituting (36a) into (7b)
gives Q(«) = 0: there is no ordinary 2D Gaussian beams.
With (36D), we get from (7b)

Q, =0, Q. =A, Q, = k(@)A, k(o) = —(am/n)(me? —a®HY?  (37)

in which A is an arbitrary constant. So, according to (35) and (37), the Hertz vector for the
extra-ordinary Gaussian beam is

I, =0, I, = / da x (@)A, I, = / da x (@)k(a)A (38a)

o0 o0
where, with y («) given by (36b)

x (@) = exp(—a?d?) expliax +iy (a)z]. (38b)
Then, according to (3)

E,=H, =H,=0 E. = uw’Il,,

, o (39)
Ey = po?l,, Hy =~ / daly (@)k(@) — ol (@)A

oo
We may now discuss the refraction of a 2D-TM Gaussian beam, impinging from an isotropic
space on the z = 0 boundary of a uniaxial medium [7-9].
The incident field has the representation

oo

{H},ELE,} = / dafl, ia/wn;, —iy; /on;}x' (@)A (40a)
—00

(o) = exp(—oezdz) exp(iox +1y;2). (40b)

The components of the reflected waves are

o0
{Hy’, E7, E;} =/ dafl, ia/wn;, iy; Jon;} x" (@)R (41a)

o0
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x" (o) = exp(—a’d?) exp(iox — iy;z). (41b)
The continuity of the tangential components E,, H, at z = 0 supplies two relations to
determine the amplitude A of the refracted wave and the reflection coefficient R:

Ai+R = —oly@k(@ —ald,  iy/on (R — A) = pw’A 42)

with the solution
A = —[2/op(a)]A;, R = A; +2ufwn; /yip(@)]A; (43a)
p(@) = y(@k(a) — o — ipw®/y. (43b)

For 2D Gaussian beams as for TM harmonic plane waves, only the extraordinary wave
intervenes in the refraction.

4.2. 3D beams

Using the polar coordinates u = (r, ¢, z), equations (5a) for the components I1,, [Ty, IT; of
the Hertz vector become
(A +n’0)I, () = 8,V - TL(u)
(A +n’0®) () = 1/rdsV - T(u) (44a)
(A +m*0?)T, (1) = 3.V - TI(u), respectively

in which
ATI(u) = (0} +1/rd, + 1/r?9; + 02)TI(u) 44b)
V- -TI(u) = (0, + 1/, + 1/rop Iy + 0. T1, (1)
To discuss the 3D beam propagation, we use the Weber’s first exponential integral [10]
/ a" T, (ar) exp(—a?d?) da = r”/(2d*)"* exp(—r? /4d?) (45)
0

in which J,, is the Bessel function of the first kind of order v.
So, we look for the solutions of (44a) with the components of the Hertz vector in the form

(o]
I, = f o da exp(—a®d?) exp(iy z +i¢) J; (@r) Q2
0
o (46)
My. = / o da exp(—a’d®) exp(iyz) Jo(ar) ..
0
It is easily checked that with (46), equations (44a) have a solution only when two components
of the Hertz vector are null. We first assume I1, = I1, = 0, so (44a) reduces to
(A +no)g(u) =0 (47a)
but

Alexp(iyz) Jo(ar)] = —(a® + y?) exp(iy2) Jo(ar) (47b)

2

so that equation (47a) implies n’w? — a* — y* = 0 and according to (46)

My = / o da exp(—a?d?) expliy (@)z]Jo(ar) Qs (48)
0
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in which Q4 is a constant and y (o) = (n*w? —a?)'/2. Then, still using (3), this Hertz potential
generates the TE mode

E, =E,=Hy;=0 Ey = po’lly,

(49)
H, = —iwo, Iy, H, =iw (0, +1/r).
We now suppose I, = IT; = 0, then (44a) reduces to
(A + 10T, = 8,3 + 1/r)11,. (50a)
Now
Alexp(iyz +ip)Ji(ar)] = —(a* + y?) exp(iyz + i) Ji (ar)
80+ 1/r)Ji(ar) = —a*Jy (ar). (500)
Taking into account (50b), equation (50a) implies n2w? — yz = 0 and I1, becomes
I, = /0 ” o da exp(—a®d?) exp(inwz + ip) Jy (ar) L2, (51)
Q, is a constant amplitude and with I1,, we get the TE mode
Ey=E,=H =0 E, = uw’Il,,
(52)

Hy = iwd,Il,, H, = —iw/rosIl,.

Equations (44a) have no solution when 2, = Q4 = 0.
For the refraction of a TE Gaussian beam, impinging from an isotropic space on the
z = 0 boundary of a uniaxial medium, the Hertz vectors of the incident and reflected fields are

o0
I, = [0 o da exp(—a’d?) exp(iy;z) Jo(ar) A

00 (53)
L= fo o da exp(—a’d?) exp(—iyiz) Jo(ar)R.

Since Ey = uw2H¢, the continuity of E at z = 0 implies according to (48) and (53)

Ai+R=Q4 (54a)
and since H, = —iwd,I1,, we get from the continuity of H,

Yi(Ai = R) = y(@)€2. (54b)
We deduce from (54a), (54b) in terms of the incident amplitude A;
Q= 2yilyi + v (@] As, Q= [y — y @]y +y @] Ay (55)

We would have a similar result for the second TE mode.

5. Discussion

It is perhaps a bit excessive to name the Hertz vector potentials used in this work since
E(x) in equation (3) has not the usual definition. Nevertheless, with these Hertz potentials,
solving Maxwell’s equations for harmonic fields in uniaxially anisotropic media is tantamount
to solving an inhomogeneous vector Helmholtz equation. For harmonic plane waves, this
last problem reduces to a set of three linear homogeneous equations and making null the
determinant of this set gives two propagation directions generally obtained from the Fresnel’s
equation of wave normals. So, Hertz potentials may be considered as an electromagnetic
approach to geometrical optics in uniaxal media [3]. But, once these directions are known,

8
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the amplitudes of ordinary and extraordinary waves are obtained as solutions of the linear
homogeneous equations which make easy the analysis of refraction in a uniaxial medium.

The propagation of Gaussian beams in anisotropic media has been discussed for a long
time [11]. So, it was important that the Hertz potentials IT work efficiently to tackle this
problem. The Fourier representation of 2D beams, applied to II, is currently used [7], [12,
where further references can be found] in electromagnetism and acoustics. It was recently
shown [13] that 3D Gaussian beams may be built up by means of inhomogeneous plane waves
but it seems that the Bessel representation of section 4.2 was never previously used. An
interesting question is whether changing the representation of Hertz potentials modifies the
propagation or not.

Nowhere in this paper, €, n, u,n = /e, m = /nu have been assumed positive so all
its results hold valid in a Veselago anisotropic medium where all these parameters are negative
[14]. Changing their sign requires only performing the same operation on phase velocities and
field components, with the same important physical consequences as those existing in Veselago
isotropic media [15, 16] due in particular to the alterations of the Descartes—Snell relations
(32). But in addition the evanescent fields present in the Fourier and Bessel representations
of Hertz potentials become explosive waves disturbing greatly the propagation and refraction
inside a Veselago anisotropic slab [17]. The artificial realization of such materials seeming
now possible, in particular with the development of nanostructures, will promote further works
in this domain.

A natural question is whether Hertz potentials are an efficient tool in biaxial anisotropic
media. We show in appendix A that they explicitly give the two possible propagation directions
of harmonic plane waves and the corresponding field amplitudes.

Hertz—Debye potentials [4, 5, 18, 19] are an alternative technique to solve Maxwell’s
equations in the absence of charges. We show in appendix B that for uniaxial media, these
potentials generate no extraordinary wave but in revenge, a great diversity of ordinary waves
some of which, see (B.13) and (B.24), with a wave vector such as |k| = mw while with Hertz
potentials |k| = nw in any case. The existence of ordinary waves with |k| = mw does not
seem to be known. See [20, 21] for different approaches.

To sum up, problems more easily solved with the Hertz vectors used in this work than
with usual methods, include: plane wave refraction on uniaxial materials, propagation of
3D-Gaussian beams in these media, plane wave propagation in biaxial anisotropic media with
an immediate application to left-handed anisotropic media.

Appendix A. Hertz potentials in biaxial anisotropic media

Let the permitivity tensor be diagonal with components ¢;, j = 1,2,3. We introduce the
notations

nj=./ejl, ajznja)—ocz—ﬂz—yz. (A.1)

Still considering harmonic plane wave propagation and looking for solutions of
equation (4) with Hertz vectors in the form (6), we get instead of (7b) the equation

a + o2 off oy Q
af ar + B2 By Q,| =0. (A.2)
Q

ay By az+y
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Proceeding as in (8a), (9) and making null the determinant of equation (A.2) gives

ap +a? off 0
af ar+ B —ay/B | =0. (A.3)
0 —ay/B az+ay?/p?
Expanding this last determinant, we get easily
ajaas + alayas + /32613611 + y2a1a2 =0 (A4)
that is
o?ay + B lary + y*/az +1 = 0. (A.5)

We now write

aj = n?w2 - b, b =ao’+B*+y? (A.6)

o = bsinb cos ¢, B =bsinfsing, y =bcosb, (A7)

then (A.5) becomes
b? sin* 6 cos? ¢/(n%a)2 - bz) + b? sin’ 6 sin? ¢/(n§w2 - b2)
+b*cos? 0 [ (nfw* — b)) + 1 = 0. (A8)

A simple calculation shows that (A.8) is a quadratic equation in b:
Ub* — 0*Vb* + nininje* = 0 (A.9)
2,2 2 2 2,02 2 c 22 22 20(n2 4 2
U = n} +nj3 +n3 — sin® 0 cos” ¢ (n3 +n3) — sin® 0 sin® ¢(n3 + ny) — cos” 0 (n] +n3)
V =ninl+ n%n% + n%n% — sin® @ cos® ¢ n%n% — sin? @ sin” ¢ n%n% — cos® 6 n’n3. (A.10)

The solutions of (A.9) give the two propagation directions of harmonic plane waves in biaxial

anisotropic media with evanescent waves when V2 — 4Un?n3n3 < 0. Once known these

directions, it remains to solve (A.2) to get the field amplitudes.

Appendix B: Hertz-Debye potentials [4, 5, 18, 19]

We look for the solutions of Maxwell’s equations [la,b] in terms of two Hertz—Debye
potentials satisfying equation (1) and respectively called ‘electric’ (subscript 1) and ‘magnetic’
(subscript 2)

H=VA(i@Q+VAVA(Q9 ®B.1)
E=aVV-(xq) —ioulnq+V A (0] '

in which the scalar fields x;, are solutions of a homogeneous Helmholtz equation, q an
arbitrary vector and a a vector determined to satisfy equation (1a).
A simple calculation gives

[V Al = q:0yx1 — qy9:x1
[VA @]y = gx0:x1 — gz0: x1 (B.2)
[V AGal: = gy0:x1 — gx0y X1

10



J. Phys. A: Math. Theor. 41 (2008) 365401 P Hillion

and
[V A VO s = qy0:0y X2 — 4295 X2 — 502 x2 + =0:0: x2
[V AVOe@)y = q:0,0:x2 — 4y02 X2 — Gy 05 X2 + Gx 0x 9y X2 (B.3)
[VAVORL: = qc0:0:x2 — CIZ8;%X2 - an§X2 +qy09y0: 2.

We consider successively the ‘electric’ (respectively ‘magnetic’) solutions of Maxwell’s
equations obtained with y, = O (respectively x; = 0).

A.l. ‘Electric solutions’ (x, = 0)

We get from (B.1) and (B.2) with V.(x1q) = g9 x1 + ¢,y X1 +q:0;: X1
Hy = q:0,x1 — qy0:x1
Hy = q:0:x1 — qz0x x1 (B.4a)
H; = qy0xx1 — g9y x1
Ey = a0,V - (1) — iop gx x1
Ey = a,d,V - (19) — iop gy x1 (B.4b)
E; =a:0:V-(q) —iong:x

and, according to (B.4a)
(VAH), = q,8,:8, 01 — x5 X1 — 4x87 x1 + q:8:8: x4
(V AH)y = q:8,8, X1 — ¢y82X1 — GySix1 + @x8:8y X1 (B.5)
(VAH): = qu8:8. 01 — 4:87 01 — 428, X1 + 4,88 1.

Substituting (B.4b) and (B.5) into (1a) and taking into account (2a), (2b) gives

ay = a, = 1/iwe, a, = 1/iwn (B.6)
and the three Helmhotz equations
(A +n*0®)x19: =0, (A +n*0®) 19y = 0, (A +m*o?)x1q. =0 (B.7)
having two sets of solutions

(A+n*0P)x =0 with ¢, =0 (B.8a)

(A +m’0*) ;1 =0 with ¢, =¢, =0 (B.8b)

A.l.1. First set of harmonic plane waves (q, = 0; |[k| = nw). The harmonic plane wave
solutions of the Helmholtz equation (B.8a) are written as

X1 = Ay, Y = explith,x + kyy +k.2)], K + ok = no’ (B.9)
and we introduce the amplitudes

Al =g, A, Ay =gq,A, A3 =q A. (B.10)
Then, substituting (B.9) into (B.4b) and taking into account (B.10) gives, since q, = 0,
H, = —ik, Ay, E, = i/we(kal +kxkyA2)1//n —iopn Ay,
H, =ik, A1,, Ey = i/we(kcky A +k§A2)¢n —iop Ay, (B.11)
H, = i(kyAy — kyAD) Yy, E, =i/wnk, (kA + kyA)¥,.

But, the amplitudes A are arbitrary and the genuine ordinary plane waves (B.11) depend only
on one amplitude A : for A = kyA and A, = —k, A we get the fields (21a), among other
possibilities are A; = k. A with A, =k,A, A} =0,A, =0, ...
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A.1.2. Second set of harmonic plane waves (g, = qy, = 0; |k| = mw). The scalar field y; is
now a solution of the Helmholtz equation (B.8b)

X1 = A, Ym = explilkex +kyy +k,2)], k;+ky + k2 =m’w’. (B.12)
Substituting (B.12) into (B.4b) and still using (B.10) gives since g, = g, =0
H, = ikyA; Y, E, =i/wekk, A, Y,
Hy = —ik A ¥m, E, =i/wekyk, A, (B.13)
H, =0, E, =i/wek?A Y — i A Y.

This ordinary wave with |k| = mw is a particular feature of the Hertz—Debye technique.

A.2. ‘Magnetic’ solutions (x1 = 0)
We get from (B.1) and (B.3)

Hy = qy0,0y X2 — qx 0y X2 — qx 02 X2 + =002 X2,
Hy = q.8,0.X2 — qy02 X2 — 497 X2 + 400y X, (B.14a)
H, = q:d:9. 02 — q:92 2 — qx33X2 +qy0y0; X2,
E, = —iwu(q:9y x2 — 4y9:x2)
E, = —iwp(g:9; X2 — qz0x x2) (B.14b)
E, = —iop(qy0: X2 — qx0yx2)

and according to (B.14a) the components of V A H are with the Laplacian operator A
(VAH) = —q:0,A%2+q,0:Axa
(VAH), =—q0;Ax2+q.0cA)o (B.15)
(VA H): = —qy0: Axa +qxdy Axo.

Substituting (B.14b) and (B.15) into (1.a) gives the equations
(A +7°0”)[ge0:x2 — -0, x21 = 0
(A +n*0)[g:0y 2 — 4y0:x2] = 0 (B.16)
(A +m’w?)[gydex2 — qedyxe] = 0

with two sets of plane wave solutions

(A+n*0P) =0 with  gyd,x2 — @xdyx2 = 0 (B.17a)
(A +m’0*) =0 with ¢, =0 and 9.y, =0. (B.17b)

A.2.1. First set of harmonic plane waves (|k| = nw). The scalar field x, has the expression
(B.9) so that the condition g,0; x2 — g0y x2 = 0 becomes

keqy — kygx = 0. (B.18)
Substituting (B.9) into (B.14b) and still using (B.11), we get

Hy = (KA1 = kok:A3) ¥, Ex = opukyAs — kA2,

Hy = (k2 Ay — kyk.A3) Y, E, = oulk,A; — kyA3) Yy, (B.19)

Hy = [(k; +k3) Az — ko (ke Ay + ky A2, E,=0

12
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in which according to (B.18)

kyAy —ky,A; =0 (B.20)
a relation satisfied with A; = A, = 0. Then, the relations (B.19) become

Hy = —kck A3y, E, = opk, Az,

Hy, = —kyk, A3y, E, = —ouk. Az, (B.21)

H, = (ki +k}) A3, E.=0

which is the field (21a). The alternative A; = kA, Ay = —k,A and A3 = 0 gives the same
expressions multiplied by —k,.

A.2.2. Second set of harmonic plane waves (|k| = mw). Since k, = 0 to satisfy the condition
d, x> = 0, the scalar field x, becomes

X2 =AY, w! = explilkex +kyy)]l, ki +k; =m*»’.  (B.22)
Substituting (B.22) into (B.14b) gives, since q, = 0,
H, = —ky(ky Ay — kyA) Y, E.,=0
Hy, = ky(ky Ay — kyADY,,, E,=0 (B.23)
H,=0, E. = op(kc Ay — kyA)Y,,
which becomes with k; A, — k,A; = A the simple TE mode with wave vector in the x-y plane
E,=E,=H, =0, E, = ouAvy,,, H, = —k,AY,,, H, = k.AY,,.
(B.24)

This field such as |k| = mw is also a particular feature of the Hertz—Debye technique.
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